
VARIATIONAL APPROACH TO THE CALCULATION 

OF A HIGH-FREQUENCY INDUCTION DISCHARGE 
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We discuss  a result ,  obtained in [1], that contradicts  experiments.  It is shown that the r ea -  
son for  the contradict ion involves the nonapplicability of the principle of minimum entropy 
production to thermodynamieal  sys tems  situated in an alternating e lect romagnet ic  field. F o r  
s tat ionary regimes  of high-frequency discharges  we formulate  a variat ional  problem that is 
equivalent to the original  sys tem of equations. We give a solution of this problem in the nchan- 
nel model" approximation of a d ischarge  with and without taking account of radiat ion losses .  

A high-frequency induction discharge at high pressure is governed by Maxwell's system of differential 
equations and the heat conduction equations (see, for instance, [2]). In [2-4] this system of equations has 
been integrated directly under specific assumptions concerning the geometry of the discharge and the char- 
acter of the heat transfer. Attempts at the calculation of stationary regimes of a high-frequency discharge 
by a procedure based on the minimum-power variational principle, in analogy with the "channel model" of 
the column of an arc discharge [6], has been undertaken in [i, 5]. In [5], however, mathematical details of 
the method applied are lacking. From the results of [i] the conclusion follows that the existence of a high- 
frequency discharge with a thin skin-layer is impossible, which contradicts the experimental facts. This 
circumstance was noted in [7]. In the discussion of this contradiction in [8] the question was not resolved, 
as will become evident in what follows. Therefore, it is of interest to clarify the reason for the contradic- 
tion in [i] and to make a judgment as to the possibility of a variational approach to the calculation of sta- 
tionary regimes of a high-frequency induction discharge. 

i.  In [1] theminimum-power variational principle has been employed for the calculation of the "chan- 
nel model" of a high-frequency discharge: the power P dissipated in a stationary discharge is a minimum 

6P = 0 (1.1) 

The relationship of condition (1.1) to the thermodynamical principle of minimum entropy production, 
allegedly established in [9] for an are discharge, has served as the basis for the application of (1.1) to a 
high-frequency discharge. The question whether such a relationship exists has been discussed in [10], where 
it was shown that no such general principle of minimum power for an arc discharge exists, though in cer- 
tain cases the application of the variational condition (i.I) can be justified. In particular, this condition can 
be used for the construction of the channel model of the column of an are discharge. If we now postulate 
the validity of the principle of minimum entropy production for a high-frequency discharge, then it would 
appearthat throughconsiderations similar to those in [i0] we can arrive at a conclusion as to the validity 
of the calculation of the channel model of a high-frequency discharge based on condition (1.1). However, it 
is at the same time necessary to take account of the following circumstance. In the calculation of the chan- 
nel model of a discharge an important initial relationship is the condition for the overall energy balance 
in the discharge 

P : N (1.2) 

where N is  the energy loss due to heat conduction. 

If condition (1.1)holds, then f rom (1.2) it follows that 

6N = 0 (1.3) 
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where  
gas  

It can be shown [11 that for  a unit length of the channel 

N = 2~0o (In R//ro)  -~ (1.4) 

0 (T) is a function having a one- to -one  re la t ionship  with the t he rma l  conductivity of the working 

T 

o (T) = I ~ (~) d~,, Oo ---- 0 (To) (1.5) 
0 

where  ~.(T) is the t h e r m a l  conductivity, T o and r 0 a r e  the t e m p e r a t u r e  and radius  of the channel respec t ive ly ,  
R is the radius  of the d i scharge  chamber ,  

P = ~I2n~roF (Po) (~o6o) -1 (1.6) 

I is the ampli tude of the cur rent  in the inductor, n is the number  of inductor windings pe r  unit length, ~0 = 
a(00) is the e l ec t r i ca l  conductivity, 50 = c (2 ~aor is the th ickness  of the sk in- layer ,  c is the veloci ty  
of light in vacuo, r is  the angular  ve loci ty  of the e lec t romagne t ic  field, and 

ber (po) ber' (po) @ bei (po) bei' (po) 
F (P0) = I f 2  ber ~ (p0) -I bei 2 (p0) 

P0 = ]/~g r0/50 

AS poss ib le  values of r 0 and 00 mus t  sa t i s fy  (1.2), va r ia t ions  in (1.1) and (1.3) mus t  be c a r r i e d  out 
a long  the curve  00(r0), de te rmined  by re la t ion  (1.2). Then it follows f r o m  (1.4) that fo r  condition (1.3) to be 
sat isf ied by a sma l l  deviat ion 6 00 <> 0 f r o m  the t rue  value there  mus t  be a cor responding  deviation 6r0E 0. 
However ,  this is  not a lways achievable  for  Joule d iss ipat ion power, as de te rmined  by Eq. (1.6). In fact, for  
p0>>l the r igh t -hand  side of (1.6) approaches  

p : a l f n f r o  (%60) -x N ro~o '/2 (1.7) 

It follows f r o m  this that for  condition (1.1) to be sat isf ied when the e l ec t r i ca l  conductivity a(0) a lways 
i nc rea se s  with t e m p e r a t u r e  a pos i t ive  var ia t ion  50 must  cor respond  to a pos i t ive  var ia t ion  of 6r  0 and vice 
ve r s a ,  which cont radic ts  (1.2)-(1.4). It was  just  this  c i r cums tance  that led to the contradict ion in [1]. Since 
as  shown in [10], condition (1.1) is a consequence of the ex t remal i ty  of entropy production, the extent to 
which we apply the pr inc ip le  of m i n i m um  entropy product ion in the descr ip t ion  of a high-frequency d i scharge  
should be analyzed.  

2. In nonequi l ibr ium the rmodynamics  [11] the var ia t iona l  pr inc ip le  of m i n i m u m  entropy product ion 
is well  known. Entropy product ion is  r ega rded  as  a functional and the p rob lem of finding ex t r ema  of this 
functional is posed.  In a s teady s ta te  of any t h e r m o d y n a m i c a l s y s t e m ,  entropy production is an ex t r emu m 
because  the L a g r a n g e - ] ~ u l e r  equations for  the cor responding  var ia t iona l  p rob lem a r e  the equations that 
de sc r ibe  comple te ly  the s teady r e g i m e  of this sys tem.  In this sense  the pr inc ip le  of m in imum entropy p r o -  
duction is s imply  equivalent to a s y s t e m  of equations descr ib ing  a s teady s ta te  of a the rmodynamica l  s y s -  
tem.  If equations emerge ,  as the r e su l t  of a var ia t ion  of the entropy production, that do not desc r ibe  a 
s teady p r o c e s s  complete ly  (for example ,  ce r ta in  s t e a d y - s t a t e  equations a r e  miss ing) ,  then the pr inciple  of 
m in imum entropy product ion is  invalid for  such the rmodynamica l  sy s t ems .  

In pa r t i cu la r ,  it has  been shown in [9] that under  specif ic  assumpt ions  fo r  a the rmodynamica l  s y s t e m  
that is able to conduct an e lec t r i c  cur ren t  and is s i tuated in a potential  e l ec t r i c  field (for example,  a con- 
s t an t - cu r r en t  arc)  the r e su l t  of solving the var ia t iona l  p rob lem for  the e x t r e m u m  of entropy production is 
the emergence  of the ]~ l enbaas -Ge l l e r  energy equation and the s t eady - s t a t e  equation for  the conserva t ion  
of charge.  These  equations, toge ther  with Ohm'$ law, which is brought into the the rmodynamics  of i r r e -  
v e r s i b l e  p r o c e s s e s  as a phenomenological  equation, comple te ly  desc r ibe  both the e l ec t rodynamics  and the 
heat  exchange of the column of a s t e ady - s t a t e  cons t an t - cu r ren t  a rc .  There fo re ,  under  ce r ta in  conditions 
a var ia t iona l  t r ea tmen t  of the s t e ady - s t a t e  r e g ime  of an a r c  d ischarge ,  based  on the pr inc ip le  of m in imu m 
entropy production,  s e e m s  poss ible .  

It  is eas i ly  shown that in the calculat ion of the e x t r e m u m  of entropy product ion fo r  a the rmodynamiea l  
sy s t em in an a l ternat ing e l ec t romagne t i c  field the s a m e  equations e m e r g e  as in the case  of a cons t an t - cu r -  
ren t  a rc ,  and Maxwel l ' s  s y s t e m  of equations for  a continuous medium,  governing the in terac t ion  of the a l t e r -  
nating e l ec t romagne t i c  field with the t he rm odyaamiea l  sys t em,  does not appear .  T h e r e f o r e  the pr inciple  of 
m i n i m u m  entropy product ion is  invalid for  a h igh-f requency d ischarge .  
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Now the meaning of the contradiction, originating in [i], becomes clear. Roughly speaking, power dis- 
sipation is determined mainly by the electrodynamies of the discharge, which does not derive from the prin- 

ciple of minimum entropy production. 

3. For a correct variational description of a steady high-frequency discharge, it is necessary to con- 
struct some functional such that the condition for its extremum yields a complete description of the steady- 
state regime of the discharge. As the construction of a functional whose extremality would be equivalent to 
the complete system of Maxwell's equations and the equations of heat conduction, it is necessary to separate 
the electrodynamic part of the problem from the energetical part. Then a variational approach to the prob- 
lem is found to be possible. 

Consider the functional 

R 0(r)  

v i o l  ! r{ a~ ? -  E* t \  dr / I (r) 12 ! z (0) dO] r:lr (3.1) 

and tet E* (r) be the actual  (nonvaried) distr ibution of the complex amplitude of the intensity of the e lec t r i c  
f ield that becomes  established in the s t eady-s t a t e  r eg ime  of a h igh-frequency discharge.  We shall seek the 
ex t remum of this functional 

6V = 0 (3.2) 

Condition (8.2) is equivalent to the Lagrange--]~uler  equation 

I d {r dO ~ i E* 12 (3.3) 
r dr \ ~ ] - 4 - ' - ~ ( 0 )  l (r) = 0  

with the boundary conditions 

dO 80 = 0 (3.4) 
dr 

air=0, r=R. 

Equation (3.3) is the equation for energy balance in a steady cylindrical high-frequency discharge at 
high pressure under the condition that heat transfer occurs only through radial heat conduction. The bound- 
ary conditions (3.4) also correspond to the case under consideration under the condition that the wails of 
the discharge chamber are maintained at a constant temperature, which can be set equal to zero with no 
restriction of generality. 

Thus, as the extremum of the functional (3.1) for a fixed distribution E*(r) yields the actual steady 
temperature distribution, the latter can be found immediately from (3.2) by direct methods of variational 
calculus.  

We shall show how to apply the proposed var ia t ional  pr inciple  for  the descr ip t ion  of the channel model  
of a h igh-f requency discharge.  

In the channel model of a discharge,  radial  distr ibutions of t empera tu re  and e lec t r i ca l  conductivity 
of the forms 

00, O ~ r ~ r o  
O (r) = Oo (in R/r) (ln R/ro) -1, r o ~ r ~ R (3.5) 

[ ~o, O < r < r o  
z ( r ) =  0, r o < r < R  

a re  considered.  

The dis tr ibut ions (3.5) cor respond  to a cylindrical ,  e lec t r ica l ly  conducting channel of radius r 0 at a 
cons t an t  t e m p e r a t u r e  0 0, s u r r o u n d e d  by  a t u b u l a r  zone  (r 0 < r < R) th rough  which  h e a t  r e l e a s e  f r o m  the c h a n -  
n e l  is accomplished.  

Insert ing (3.5) into (3.1), we obtain 

Oo ro 

V (ro, Oo)=Oo2(lnR/ro) -1 - - ( !v (0)d0) ( !  IE*(r)[2rdr) (3.6) 

Thus, in the channel model  approximation the co r r ec t  functional V[0] is r epresen ted  in the fo rm of a 
function of two var iables ,  r 0 and 00. Condition (3.2) is now equivalent to the re la t ions  
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bv 
Ov ~176 = 0, 0to . . . .  o, = 0 (3.7) 

re~ro* i0o~0a* 

where  00' and r0* a r e  the actual  ehannel p a r a m e t e r s  of the d ischarge ,  which a r e  subject  to de te rmina t ion  
by m e a n s  of (3.7). We r e m a r k  that in the var ia t iona l  method indicated he re  it is not requ i red  that the var ied  
p a r a m e t e r s  00 and r 0 be re la ted  to each o ther  through condition (1.2), whieh was the d i rec t  cause  of the con- 
t radic t ion in [1]. 

I t  foUows f r o m  (3.6), (3.7) that 

ro* 

200* (In R/r.*) -~ - ~o* f I E* (r)12 rdr  = 0 (3.8) 
0o* 

Oo .2 (ro*ln2R/ro*) -~-  ro* I E* (ro*) I ~ I ~ (0) dO = 0 (3.9) 
0 

If  

to* 

I I E* (r) 12 2nrdr (3.1 O) P = ~o* 2 
0 

is taken into account, then with the aid of (1.4) re la t ion  (3.8) can be given a v isual izable  phys ica l  i n t e rp re -  
t a t i o n -  this is the condition fo r  the integrated energy ba lance  of the d ischarge ,  s i m i l a r  to (1.2). 

With the help of (3.8) and (3.10) re la t ion  (3.9) can be reduced to the fo rm 

0a* 
P" (3.11) 

I v  (0) dO ---- 4~%*~[E* (to*)~ ~ 
o 

F o r  the case  of a th in-sk in  l aye r  (1"0" >>60"), fo r  which conditions for  the validity of the channel model  
a r e  fulfilled m o s t  accura te ly  (in the d i scharge  zone vo lumet r i c  energy  r e l e a s e  is absent),  the square  of the 
e lec t r i c  field s t rength  at the boundary  of the channel is given by the fo rmula  (see, fo r  instance,  [12]) 

I E* (ro*)12 = 2IZn ~ (ao*8o*)-* (3.12) 

Then, inser t ing (1.7) and (3.12) into (3.11), we obtain 

0o* 

0 

Relation (3.13) d e t e r m i n e s  the channel t e m p e r a t u r e  00" in i ts  dependence on the number  of a m p e r e -  
t u rns  of the inductor as affi l iated with the known function q (0) and, with an accu racy  up to a fac tor  equal to 
two, it coincides with the exact  in tegra l  obtained in [3]. If the e l ec t r i ca l  conductivity depends on the t em-  
p e r a t u r e  according to Bo l t zmann ' s  law a ~ exp ( - A / 2 k T )  and A >>2kT (A is the ionization potential  of the 
working gas  and k is Bo l t zmann ' s  constant),  the in tegra l  in (3.13) can be evaluated approx ima te ly  (see [13]). 
As a r e su l t  the solution, obtained by the var ia t iona l  method,  coincides with logar i thmic  accu racy  with the 
r e s u l t s  of [3, 4], which a r e  based on a d i r ec t  in tegrat ion of the equations governing the s teady r e g i m e  of a 

d i scharge .  

4. The method descr ibed  above m a k e s  it poss ib le  to take account of the influence of the emis s ion  of 
radia t ion on the p a r a m e t e r s  of a h igh-f requency d ischarge .  In the vo lumet r i c  radiat ion approximat ion  the 
equation of energy balance  for  the s t e ady - s t a t e  r eg ime  of a h igh-f requency d i scharge  has the f o r m  [2] 

1 d [r dO ~ z(O) IE*(r)I n __(D(O)=O (4 .i) 
r d r \ - - ~ r ]  @ 2 

where  ~(0) is  the vo lumet r i c  densi ty  of the power  loss  due to radiat ion.  

It  is eas i ly  ver i f ied  that Eq. (4.1) is the L a g r a n g e -  Euler  equation for  the var ia t iona l  p rob l em on the 

e x t r e m u m  of the functional 

e(r) e(r) 

i [[ dO ~2 ]E,(r)[ ~ f ~(O)dO-t-2 f O(O)dO]rdr (4.2) 
U [01 = L \  dr ] 0 o 

where,  as  f o r m e r l y ,  E*(r) is not va r ied .  
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Because  of the sha rp  t e m p e r a t u r e  dependence of 4~(O),emission of radia t ion takes  p lace  ma in ly  out of 
the channel. T h e r e f o r e  it i s  na tura l  to a s s u m e  that 

f ~ (0o)-----0o, O<r<ro (4.3) 
r = (o ,  ro<r  < R .  

Using the approx imat ion  (4.3) and applying the p r o c e d u r e  desc r ibed  in Sec. 3, we obtain 

90 r0 Oo 

I t  now follows f r o m  re la t ion  (3.7) that 

,to* 

200* (in R/ro*) -I - -  %* I I E*  (r) 12 rdr q- ro*~o * = 0 (4.5) 
0 

0 ~ 0o* 

00 *2 (r0* ln2R/ro*) -1 - -  I E*  (r0*)i S r0* f ~ (0)dO -~ 2r0* I r (0) d0 = 0 (4.6) 
0 0 

It  is  c l ea r  that when radia t ion  l o s s e s  a r e  neglected,  re la t ions  (4.5) and (4.6) p a s s  ove r  to re la t ions  
(3.8) and (3.9), r e spec t ive ly .  

As the power  loss  p e r  unit length of the channel due to radia t ion is 

Nrad ----- atro*2~o * (4.7) 

in the channel model  approximat ion,  re la t ion  (4.5), like (3.8), r e p r e s e n t s  the condition for  overa l l  ba lance  
of the energy  of the d i s cha rge  

P = N - ~  N r a d  ( 4 . 8 )  

The s y s t e m  of t ranscendenta l  equations (4.5), (4.6) d e t e r m i n e s  the t e m p e r a t u r e  00" and the radius  
r0* of the d i scharge  as  functions of the number  of a m p e r e - t u r n s  of the inductor. 

In [8] the conclusion is r eached  that  a s a t i s f ac to ry  t r e a t m e n t  of the channel mode l  of a h igh-f requency 
d i scharge  is imposs ib le  without taking account  of energy  r e l e a s e  outside the channel. As is evident f r o m  
the r e s u l t s  of the p r e s e n t  paper ,  construct ion of a channel mode l  of a h igh- f requency  d i scharge ,  even with 
radia t ion lo s ses  taken into account,  is poss ib le  on the b a s i s  of a c o r r e c t  va r ia t iona l  approach,  in con t ras t  
to the approach  followed in [1]. 

In conclusion the author  thanks Yu. P. R a i z e r  f o r  the formula t ion  of the question concerning the con- 
t radic t ion  in [1] and many  useful  d i scuss ions .  
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